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Introduction 6

1 Introduction

Analogy making is a high-level cognitive process [CFH92, FGMF98, HM05] and is con-
sidered a core component of cognition [GKKS08a]. Analogies use already known in-
formation from source domain to acquire knowledge in new situations in the target do-
main. Empirical research supports the belief that structural commonalities between
the two domains are the main guidance for the construction of analogies. This finding
is incorporated in Dedre Gentner’s seminal structure-mapping theory (SMT) [Gen83]
on which the computational analogy model called structure mapping engine (SME)
[FFG86, FFG89] is based. Altogether, many different mechanisms to analyze and ex-
tract structural commonalities have been developed [Gen89, HM95, Ind92]. However,
cognitive science and artificial intelligence still lack a logical theory for analogical rea-
soning. The proposed theories for analogical reasoning are mostly psychologically or
neurally inspired. Heuristic-driven Theory Projection (HDTP) [GKS06] is a symbolic
analogy model intended to fill this void. The very flexible detection of structural com-
monalities between a formally specified source and target domain is achieved by using
anti-unification. More precisely, HDTP uses a form of higher-order anti-unification
to capture even deep structural commonalities that are not being detected by other
frameworks.

This thesis presents an indepth view of the specifically optimized anti-unification
for HDTP. Section 2 establishes the context, necessary to understand the restrictions
and requirements that guided the development of this anti-unification. Foremost,
Heuristic-driven Theory Projection as the enclosing framework, is outlined in sec-
tion 2.1. Anti-unification is summarized in section 2.2 starting with an introduction
to general anti-unification theory and followed by a discourse regarding the charac-
teristic properties of first and higher-order anti-unification. Section 3 is dedicated to
explain restricted higher-order anti-unification. Core concepts involved are explained
in section 3.1. Afterwards more advanced topics such as complexity metrics (section
3.2) and complexity reduction (section 3.3) are explored. This is followed by section 4
which outlines the algorithmic realization (section 4.1), computational optimizations
(section 4.2) and implementation details (section 4.3) of restricted higher-order anti-
unification. Section 5 concludes the work with an outlook into future research topics.
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2 Background

2.1 Heuristic-Driven Theory Projection

2.1.1 Principles

Heuristic-driven Theory Projection is a formal framework based on well-known stan-
dard symbolic methods of artificial intelligence for solving analogies [GKS06]. HDTP’s
input consists of a finite many-sorted first-order logic axiomatization of a source and
target domains. The use of first-order logic makes it trivial to incorporate classical
reasoning mechanisms of artificial intelligence and also distinguishes it from other
often neurally inspired theories of analogical reasoning. However, HDTP still retains
the goal of only drawing inferences that are cognitively inspired.

HDTP analyzes source and target domains to determine common structural pat-
terns. These patterns are represented in a generalized axiom system, with correspond-
ing mappings to source and target, and describe the generalized theory of both input
domains. The process of finding common structural patterns is described as aligning
of source and target domain and the result is called an alignment or mapping. The
source domain usually contains a set of formulas that axiomatizes an informationally
richer domain than the target domain. Therefore, the found alignment can be used to
transfer knowledge from the source, which is better understood, to the target domain.
Thereby fulfilling the goal of analogy making to gain more information about the tar-
get domain. However, transferred knowledge is not factual information, but rather
hypotheses that can be tested and checked for consistency in the better understood
domain. Thus, it is possible to infer new knowledge in a creative way. Depending on
the domains that are compared and the chosen representations, the result can be from
one to a multitude of analogies.

The following sections 2.1.2 and 2.1.3 focus on a brief overview about the inner
workings and application of formal mechanisms that HDTP employs. Semantic as-
pects of the analogical relations that HDTP establishes will not be covered but are
discussed in [GKS06] and [GKKS07].
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2.1.2 Language

The well-known Rutherford Analogy, which compares the solar system to the Ruther-
ford atom model, is used as a running example to show the different aspects of HDTP’s
language for describing domains. Figure 2.1 shows a formalization of the Rutherford
Analogy. The source domain on the left side is the solar system while the target do-
main on the right side is the Rutherford atom model. Both theories are simplified
and not considered to be complete and accurate physical theories of the described
objects. Analogies where source and target domain are from different fields of knowl-
edge or the domains only present a partial view of the underlying theory seem to
be especially creative. As can be seen by the amount of formulas the source domain
has a much richer formalization. The source domain describes that a planet revolves
around the sun because of the differences in mass that result in different gravitational
forces. At the same time, the sun and the planets do not collide with each other. This
is considered in relation to the Rutherford atom model where lightweight electrons
are attracted by the nucleus due to the Coulomb force. However, the electrons and the
nucleus keep a distance of greater than zero, which is an abstraction of the results of
the gold foil experiment of Rutherford [Rut].

Solar System Rutherford Atom
sorts

real, object, time

constants
sun � object, planet � object

functions
mass � object � time� real
dist � object � object � time� real
force � object � object � time� real
gravity � object � object � time� real
centrifugal � object � object � time� real

predicates
revolves_around � object � object

facts
α1 � mass�sun� A mass�planet�
α2 � mass�planet� A 0
α3 � ¦�t � time� � gravity�planet, sun, t� A 0
α4 � ¦�t � time� � dist�planet, sun, t� A 0

laws
α5 � ¦�t � time, o1 �object, o2 �object� �

dist�o1, o2, t� A 0 , gravity�o1, o2, t� A 0
� centrifugal�o1, o2, t� � �gravity�o1, o2, t�

α6 � ¦�t � time, o1 �object, o2 �object� �
0@mass�o1�@mass�o2�,
dist�o1, o2, t�A0,
centrifugal�o1, o2, t� @ 0
� revolves_around�o1, o2�

sorts
real, object, time

constants
nucleus � object, electron � object

functions
mass � object � time� real
dist � object � object � time� real
coulomb � object � object � time� real

facts
β1 � mass�nucleus� A mass�electron�
β2 � mass�electron� A 0
β3 � ¦�t � time� � coulomb�electron,nucleus, t�A0
β4 � ¦�t � time� � dist�electron,nucleus, t� A 0

Figure 2.1: Logic formalization of the solar system and the Rutherford atom.
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Domains contain not only facts, but also general laws as seen in the formalization of
the Rutherford atom model. To capture all the information present in the Rutherford
analogy HDTP needs an expressive formal language to specify axioms of a domain.
We now give a brief overview of the language that encodes knowledge of a domain in
HDTP.

Definition 1 (Signature) A signature is a denumerable set Σ of strings of the form
f � σ1 �σ2 � . . .�σn � σ or p � σ1 �σ2 � . . .�σn where σ1, . . . , σn, σ with n > N are sorts
in the set of sorts SortΣ.

• Functions are of the form f � σ1 � σ2 � . . . � σn � σ where f is a function symbol
of arity n. If n is zero we call f a constant.

• Predicates are of the form p � σ1 � σ2 � . . . � σn where p is a predicate symbol of
arity n. If n is zero we call p an atom.

Different strings in the signature must have different leftmost symbols. A symbol can
only be used as a function symbol or predicate symbol. It cannot be used twice as
function and predicate symbol with different arity.

A signature provides the different building blocks that can be used for the formal-
ization of an algebra. In this document we often write terms without their sorts as a
shorthand for ease of explaining and describing examples.

Definition 2 (Term) Let Σ be a signature. The set Term�Σ,V� relative to an infinite set
of variables V � �X1 � σ1,X2 � σ2, . . .� with σ1, σ2, . . . > SortΣ, is defined as the smallest
set such that the following conditions hold:

1. If X � σ > V then X � σ > Term�Σ,V�.

2. If f � σ1 � σ2 � . . . � σn � σ > Σ and ti � σi > Term�Σ,V�,
then f�t1, . . . , tn� � σ > Term�Σ,V�.

We call an element t � σ of the inductively constructed set Term�Σ,V� a term with sort
σ. A term is called ground if it does not contain any variables.

Symbols like sun and nucleus are constants in the respective domain because they
have an arity of zero and are of sort object. Real, object and time are sorts that are
used to tag the type of a function which can then be used as an explicit guide in the
structural information mapping employed in HDTP. They can be seen as high-level
concepts in an ontology. Functions with higher arity such as mass, which takes one
argument, are used to map constants to constants. mass�sun� is a ground term but



Heuristic-Driven Theory Projection 10

dist�planet, sun,T � is not because it contains the variable T . Variables are always de-
noted by strings with an upper case letter.

Definition 3 (Subterm) Given a term t and a substring s of t, where s is a term, we call
s a subterm of t.

Thereby, sun is a subterm in the terms mass�sun� and dist�planet, sun,T �, be-
cause the string "sun", which is a valid term, is a substring of "mass(sun)" and
"dist(planet,sun,T)".

Definition 4 (Atomic Formulas) Let Σ be a signature. The set of atomic formulas
Atomicform�Σ,V� consists of all expressions of the form p�t1 � σ1, . . . , tn � σn� where
p � σ1, . . . , σn > Σ and t1 � σ1, . . . , tn � σn > Term�Σ,V�.

Atomic formulas are build from predicate symbols and can be used to express rela-
tions. Predicate symbols in our example formalization include A, � and @. An example
for an atomic formula is mass�sun� Amass�planet�.

Definition 5 (Formulas) Let Σ be a signature. Define the set Form�Σ,V� as the small-
est set such that the following conditions hold:

1. If ϕ > Atomicform�Σ,V� then ϕ > Form�Σ,V�.

2. If ϕ > Form�Σ,V� then  ϕ > Form�Σ,V�.

3. If ϕ and ψ > Form�Σ,V�, then ϕ - ψ, ϕ , ψ, ϕ� ψ, ϕ� ψ > Form�Σ,V�.

4. If ϕ > Form�Σ,V� and X � σ > V , then §X ϕ and ¦X ϕ > Form�Σ,V�.

Formulas are built from atomic formulas with the help of logical symbols in the form
of propositional connectives and quantifiers. The propositional connectives -, ,,�,�
and  are used to express complex facts. Using the aforementioned components that
can express different semantic content, complex expressions can be formed by chain-
ing them together. Furthermore, rules may be expressed by using the classical logical
quantifiers ¦ and §. Such a rule can be a law like "every two bodies with positive mass
will attract each other".

A finite set of formulas that is consistent and consist of the defined vocabulary is
referred to as an axiomatization of the corresponding domain. Formulas that can be
logically inferred from these axioms constitute the domain theory. While the expres-
sive power of first-order logic allows the possibility of expressing complex systems, at
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the same time it confronts us with the problem of having more than one equivalent
axiomatization for a given domain. However, this expressive power enables not only
situation descriptions, but also general laws that are not possible in other well-known
analogy models [Kur05]. Furthermore, the representation of knowledge and reason-
ing over formulas is possible with this logic-based formalization.

2.1.3 Phases

The formal framework of HDTP can employ the three common phases of retrieval,
mapping, and transfer of analogy-making. However, only the latter two are currently
implemented. HDTP is very modular and can be extended with more subprocesses
that complement the main phases as seen in figure 2.2.

Knowledge

Target

Retrieval

Mapping

TransferSource

Inferred Information

Alignments

Rerepre- 
sentation

Figure 2.2: Overview of HDTP’s phases.

Retrieval is the process of selecting a suitable set of formulas to represent the source
domain. This source domain should be related to the given target domain in that they
share a common structure that can be identified in more detail during the mapping
phase. Different source domains lead to different expansions of knowledge in the tar-
get domain subsequently. The goal, therefore, is not necessarily to only find the struc-
turally most similar domain to the target domain, but a multitude of source domains
that lead to different newly discovered knowledge about the target domain. Without a
retrieval phase, the source and target domain must be given explicitly to the mapping
phase. The modular and sequential nature of the HDTP framework makes it possi-
ble to add an optional retrieval process that generates this input before the mapping
phase.

During mapping, the analogical relation between the given domains is established
by aligning formulas of the source domain with formulas of the target domain. This
alignment does not necessarily use all available formulas. Identifying the knowledge
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that is actually required for the alignment constitutes the relevance problem. Rele-
vance of parts of the domain can change depending on the context of the analogy and
desired extension of information in the target domain. Restructuring of the axiomati-
zation while describing the same domain can also lead to different results and may be
preferred to build a more plausible outcome depending again on the relative goal of
the analogy. This difference in mapping possibilities is regarded as the representation
problem.

Re-representation can be done with the help of laws of the respective domain to-
gether with deduction, an equational theory or background-knowledge. An
example of background-knowledge is that distance is a symmetric function,
which can be expressed by ¦x¦y¦t � distance�x, y, t� � distance�y, x, t�. Therefore
distance�nucleus, electron, t� can be rewritten as distance�electron,nucleus, t� in
the axiomatization of the solar system and Rutherford atom model. Another more
general example of background-knowledge is ¦x¦y¦z � �x A y , y A z� � x A z which
states the transitivity of the greater than relation.

Background-knowledge is not considered for alignment because it is so general that
it is applicable to both domains. However, it influences the mapping process by possi-
bly allowing for more inferred formulas to be aligned. Re-representation aims to find
pairs of formulas from the domain theories that share a common structure and lead to
a good alignment. When a newly found alignment uses mappings encountered before
it is mere support for the analogical relation already drawn. However, sometimes the
axiomatization of domains is insufficient for building a generalized theory and with-
out re-representation no analogy could be computed. Altogether, re-representation
accounts for much of the explorative creativity in analogical inferences. The situa-
tion we have laid out in the formalization of the Rutherford analogy does not involve
re-representation because the domain representations are structurally compatible al-
ready.

The structural matching within the mapping phase is created stepwise by aligning
a formula from the source domain with a formula from the target. The selection
criteria for both is guided by heuristics and may use information regarding already
aligned parts and still to be aligned parts. Foremost the alignment depends on a met-
ric of how well two formulas are equal in structure and semantics. A plausible pair
of terms to make an alignment is mass�sun� A mass�planet� and mass�nucleus� A
mass�electron� because they have the matching predicate symbol A. This is comple-
mented by the semantic similarity that sun, planet, nucleus and electron are all of
the sort object. The plausibility of the structural matching of two formulas can be
expressed by a metric which assigns costs to mappings. Summation over the costs
associated with the metric of all mappings done on formulas in the source and target
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types
real, object, time

constants
X � object, Y � object

functions
mass � object� real
dist � object � object � time� real
F � object � object � time� real
centrifugal � object � object � time� real

predicates
revolves_around � object � object � object

facts
γ1 � mass�X� A mass�Y �
γ2 � mass�Y � A 0
γ3 � ¦�t �time� � F �X,Y, t� A 0
γ4 � ¦�t �time� � dist�X,Y, t� A 0

laws
γ5� � ¦�t � time, o1 �object, o2 �object� �

dist�o1, o2, t� A 0 , F �o1, o2, t� A 0
� centrifugal�o1, o2, t� � �F �o1, o2, t�

γ6� � ¦�t � time, o1 �object, o2 �object� �
0 @ mass�o1� @ mass�o2�,
dist�o1, o2, t� A 0,
centrifugal�o1, o2, t� @ 0
� revolves_around�o1, o2�

Figure 2.3: Generalization of the solar system and the Rutherford atom (including the
generalizations from the transfer marked with *).

gives a relative measure of how good an overall domain mapping is regarding another
alternative mapping. The operation of aligning a pair of formulas is carried out by
using anti-unification. This core operation is very important because it constrains the
possible alignment of terms and therefore shapes the generalized theory that HDTP
generates. For an explanation of the form of anti-unification, which is used by HDTP,
see section 3.

The generated formalization for the generalized theory of the solar system and
Rutherford atom model is shown in figure 2.3. We can see that our already mentioned
alignment candidates of formulasmass�sun� Amass�planet� andmass�nucleus� A
mass�electron� were generalized to mass�X� A mass�Y �. Here uppercase letters
are variables that must be appropriately instantiated to gain back the original terms
of source and target domain. Notably electron in the target domain is the correspond-
ing entity of planet in the source domain. The same relation holds between nucleus
and sun.

In the final step of HDTP, called the transfer phase, the generated mapping is used
to transfer information from the source domain to the target domain. Inferred knowl-
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edge in the target domain can only be used as a guide or hypothesis that has to be
proven using other mechanisms of logic or tests outside the theoretic realm. From a
cognitive perspective, this can be viewed as the inspirational mechanism that leads
the way for creative ideas that have to be put to test by trying them out in a real
world setting. The information that is transferred is usually not already covered by
the generalized theory. HDTP can detect inconsistent inferences and reject them by
applying a theorem prover. The general usefulness of transfered information can, in
contrast, not be inferred by formal processes. In our running example we can trans-
fer revolves_around�planet, sun� from the solar system domain to the Rutherford
atom model and infer revolves_around�electron,nucleus� by means of the object
mappings between planet and sun as well as electron and nucleus.

2.2 Anti-Unification

2.2.1 General Concepts

The concept of anti-unification was first outlined by Reynolds [Rey70] and Plotkin
[Plo70]. It is the formal counterpart to the widely known unification, but in contrast,
has less research specifically dedicated to it. However, many results in research of uni-
fication have a counterpart in anti-unification [Rey70]. Where unification is one of
the core concepts used in logic programming, best known through the programming
language Prolog, anti-unification is mostly used for inductive learning and proof gen-
eralization.

The following definitions give a vocabulary that is used to describe anti-unification
while, at the same time, make the relation to unification apparent [SA91]. All defini-
tions in this general anti-unification section are not incorporating sorts. By introduc-
ing conditions to match sorts where needed, definitions can be easily extended to take
sorts of terms into account. Furthermore, we only notate function symbols without
sorts for ease of explaining and describing examples.

Definition 6 (Substitution) A substitution on terms is a partial function, mapping vari-
ables to terms, formally represented by τ � �X1~t1, . . . ,Xn~tn� (provided Xi x Xj for
i, j > �1, . . . , n�, i x j). We say τ acts on variables X1, . . . ,Xn. An application of a
substitution τ on a term is defined by simultaneously replacing all occurrences of the
variables X1, . . . ,Xn and thus:

• apply�X,τ� �
¢̈
¨
¦
¨̈
¤

t� if X~t� > τ

X otherwise
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• apply�f�t1, . . . , tm�, τ� � f�apply�t1, τ�, . . . ,apply�tm, τ��

A simple substitution such as τ � �X~a� applied to a term t � f�X, b� yields
a new term t� � f�a, b�. If the to be replaced variable X occurs more than once
within t, all occurrences of X within t are replaced by the constant a. Substitutions
are not restricted to constants but can replace variables with complex terms such as
g�Y, e�. The application of substitution τ � �X~g�Y, e�� to f�X, b� results in the term
f�g�Y, e�, b�. The extended substitution τ � �X~g�Y, e�, Y ~b� applied to f�X,Y �

results in f�g�Y, e�, b� and not f�g�b, e�, b�.
Different sets of valid substitutions result in different anti-unification forms. In this

general section about anti-unifications we allow variables V > V to be replaced by
terms t > Term�Σ,V� to gain examples for each concept introduced.

Definition 7 (Instance & Anti-Instance) A term t� is an instance of t and t is an anti-
instance of t�, if there is a substitution τ such that application of τ on t� results in t. In
this case we write t

τ
Ð� t� or simply t� t�.

Hence in our example from above t� � f�a, b� is called an instance of t � f�X, b�
and t is an anti-instance of t� because t

τ
Ð� t� where τ is the substitution �X~a�. Note

that f�a, b� cannot be an instance of f�X,X� because a and b are different terms and
the variable X cannot be substituted context dependent into one or the other.

Definition 8 (Term Equivalence) Two Terms t and t� are considered equivalent if
t � t� and t� � t. In this case we write t � t�. If t and t� are not equivalent we write
t y t�. We say the t and t� are strongly equivalent if t

τ
Ð� t� and t�

ν
Ð� t where τ and ν

are substitutions of the form X1~X �

1, ...,Xn~X �

n and thereby only replace variables by
variables.

f�X,X� and f�Y,Y � are hence considered equivalent. f�X,Y � and f�Y,Y � are
not equivalent because f�X,Y �

τ
Ð� f�Y,Y � with τ � �X~Y � but there is no ν that

makes f�Y,Y �
ν
Ð� f�X,Y � possible. The equivalence relation has the usual proper-

ties reflexivity, symmetry and transitivity. An equivalence class of a term t is the set of
all terms that are equivalent to t. Because the equivalence relation is reflexive such a
set contains t itself. If we restrict the substitutions used in the term equivalence defini-
tion to those that only replace variables by variables, instead of arbitrary substitutions,
we can gain a stronger equivalence definition. Using this stronger equivalence defini-
tion, we say unique up to variable renaming for a criterion if all terms that fulfill the
criterion are in one equivalence class and no term of this equivalence class does not
fulfill the criterion.
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Definition 9 (Unifier) A unifier for a given set of terms T is a term that is an instance
of every term in T.

The term f�a, b� is a unifier for the set that consists of the terms f�X, b�, f�X,Y �

and f�a, Y �. This is because there exist substitutions for each of these terms (τ1 �

�X~a�, τ2 � �X~a, Y ~b�, τ3 � �Y ~b�) so that by corresponding substitution applica-
tion they are transformed into the given unifier f�a, b�.

Definition 10 (Anti-Unifier) An anti-unifier for a given set of terms T is a term that is
an anti-instance of every term of T. We call the set T the anti-unified terms in context
of the anti-unifier.

By this definition the term f�X,Y � is a possible anti-unifier for the set of terms
f�a, b�, f�c, d� and f�X, c�. But not for any set that for example contains g�X,Y � or
h�X,Y,Z�. The substitution τ � �X~e, Y ~e� applied to f�X,Y � yields f�e, e� there-
fore f�X,Y � is an anti-instance of f�e, e� and one possible anti-unifier for the set just
containing f�e, e�. An anti-unifier for a set of terms is not uniquely defined. Because
f�X,e� is an anti-instance of f�e, e� as well, two anti-unifiers for f�e, e� are already
found. We observe that f�X,Y � itself is an anti-instance of f�X,e�. This shows that
the anti-instance relation induces a partial-ordering on the set of anti-unifiers of a
set of terms. This ordering, which operates on all terms, is denoted substitution or-
dering because the anti-instance relation itself is defined using substitutions. Another
ordering induced by the instance relation is often referred to as instantiation ordering.

Definition 11 (Most Specific Anti-Unifier) A most specific anti-unifier (msa) also re-
ferred to as the least general anti-unifier (lga) of a set of terms T is an anti-unifier a for
T such that there exist no anti-unifier a� for T with a� a� and a y a�.

The process of finding the most specific anti-unifier is called anti-unification. The
search for the most specific anti-unifiers means that the number of basic substitution
components is kept minimal and only those substitutions necessary to fulfill the con-
ditions for a valid anti-unifier are used. Found anti-instances therefore carry maximal
information about the common structure of the set of terms anti-unified. By chang-
ing the definition of possible substitutions the ordering governed by the anti-instance
relation can be changed and therefore the notion of what common structure is can be
varied. Which in turn effects the found most specific anti-unifiers.

The construction of a most specific anti-unifier is dual to the notion of a most gen-
eral unifier (mgu) in unification theory. Both classes of terms play a central role and
are a major subject of research. Whether they are well defined and unique is analyzed
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in context of different forms of unification and anti-unification.

The notion of substitution we used to give examples for concepts in this section re-
sembles Plotkin’s first-order anti-unification. Which has some sought after properties
of its most specific anti-unifier which we discuss in the following section.

2.2.2 First-Order Anti-Unification

First-order anti-unification, which was introduced by Plotkin [Plo70], restricts substi-
tutions to replace variables V > V by terms t > Term�Σ,V�. This is the same restric-
tion we already used for examples of substitutions up till now. Some more examples
for first-order anti-unification are given in figure 2.5.

Definition 12 (First-Order Substitutions) A first-order substitution τ � �X1~t1, . . . ,

Xn~tn� replaces variables Xi > V by terms ti > Term�Σ,V� where i > �1, . . . , n�.

We can call substitutions of the form X � t with a variable X > Term�Σ,V� and a
term t > Term�Σ,V� first-order, because all variables in V are first-order variables.

It has been proven in [Plo70] that, with first-order substitutions, an anti-unifier for
a pair of terms always exists. From this the existence of an anti-unifier for any finite
set of terms results. First, the anti-unifier of two arbitrary terms of the set is gener-
ated. Then, this anti-unifier is anti-unified with another term of the set to produce
a new anti-unifier for all three terms chosen. This continues until an anti-unifier for
the complete set is found. Because we always have a substitution ordering between
two terms, the transitivity of the ordering can be used by this process to generate a
solution.

The first-order anti-unification substitution ordering forms a semi-lattice on the
equivalence classes of terms. The bottom element in this lattice is the equivalence
class of terms consisting of only a variable. Hence, a term consisting of only a variable
is always a trivial anti-unifier for any collection of terms in first-order anti-unification.
As an example see figure 2.5(a). Here the trivial anti-unifier is also the only valid one
and therefore, also the most specific anti-unifier.

In the context of solving analogies we are interested in the mapping between a
source domain term and a target domain term. Therefore, in analogical mapping
the anti-unifier of two terms is sought. The existence of an anti-unifier is guaranteed
and all most specific anti-unifiers together form an equivalence class in first-order
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anti-unification. Furthermore, the equivalence relation can be restated as (compare
definition 8): two terms are equivalent if we can derive them from each other by re-
naming of variables. Therefore, we say that the most specific anti-unifier in first-order
anti-unification is unique up to renaming. (cf. [Plo70]).

An anti-unifier together with the corresponding substitutions for a set of two terms
is called a generalization in the context of analogies.

Definition 13 (Generalization) A generalization for a pair of terms `s, te is a triple
`g, τ, νe with a term g and substitutions τ, ν such that g

τ
Ð� s and g

ν
Ð� t. The term

g is therefore the anti-unifier in a generalization for s and t. It is explicitly allowed that
τ and ν may be mappings that leave the term in its original form or, in other words,
consist of an empty substitution.

Because the anti-unifier is not required to be a most specific anti-unifier for the pair
of terms given, we introduce the notion of least general generalization where this is
the case.

Definition 14 (Least General Generalization) A generalization `g, τ, νe for a pair of
terms `s, te is called least general generalization if g is a most specific anti-unifier for
the terms s and t.

Least general generalizations are unique up to variable renaming in first-order anti-
unification because the included most specific anti-unifier is unique up to variable
renaming in first-order anti-unification.

X

�X~f�c, b��

��///////

�X~f�a, b��

����������

f�a, b� f�c, b�

f�X,Y �

�X~c, Y ~b�

��11111111

�X~a, Y ~b�

����������

f�a, b� f�c, b�

f�X, b�

�X~c�

��00000000

�X~a�

��









f�a, b� f�c, b�

(a) (b) (c)

Figure 2.4: Examples for generalizations in first-order anti-unification.

Figure 2.4 gives all three possible generalizations with first-order substitutions for
the terms f�a, b� and f�c, b�. The pair of anti-unified terms at the bottom, of each gen-
eralization depicted, is included additionally to the anti-unifier placed at the top and
the two corresponding substitutions, which are represented by labeled arrows. Figure
2.4(a) includes the most general anti-unifier. (c) is the least general generalization
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X

�X~b�

��......
�X~a�

��������

a b

f�X, c�

�X~b�

��3333333
�X~a�

���������

f�a, c� f�b, c�

X

�X~g�a, b��

��6666666
�X~f�a, b��

���������

f�a, b� g�a, b�

(a) (b) (c)

Figure 2.5: Examples for Plotkin’s first-order anti-unification.

with a most specific anti-unifier. (b) is less general than (c), but not a least general
generalization because it does not include a most specific anti-unifier.

In figure 2.5 we see further examples for generalizations of different pairs of terms,
which we now analyze in the context of analogies. In (a), the constants a and b are anti-
unified to the Variable X . In this case b can be seen as an analogon to a. In (b), these
constants are used again as arguments, but each is in the same enclosing context. Still,
the same substitutions are used and therefore the same analogical relation between a
and b is established. In (c) the terms differ in function symbols, but the arguments
supplied are the same. A most specific anti-unifier from first-order anti-unification
cannot reflect this, and thus, only the most general anti-unifier in the form of a vari-
able is found by first-order anti-unification. In turn, this leads to complex substitu-
tions to reproduce the anti-unified terms. Plotkin’s anti-unification is not powerful
enough to capture complex structural equivalences in the anti-unifier like common-
alities that are embedded in different functions or predicates. In extreme cases like
figure 2.5(c), where the topmost function or predicate symbols differ, the result is the
inability to capture any similarities of subterms.

2.2.3 Higher-Order Anti-Unification

Gentner et al. [Gen83] have revealed empirically that analogies are characterized by
deep structural commonalities. However, first-order anti-unification fails to capture
them and tends to overgeneralize as seen in figure 2.5(c). Anti-unification can be
altered to recognize complex commonalities by extending the set of possible substi-
tutions and allowing for more detailed operations on terms. Particularly, being able
to express operations on arguments of functions or predicates is valuable for achiev-
ing a better coverage of similarities of terms. In the simplest case higher-order anti-
unification involves a change of function symbols. A more complex case, which con-
stitutes the operation in a higher-order logic, is the manipulation of subterm struc-
tures. Examples of this are reducing the arity of predicates or permuting function
arguments.

Defining complex substitutions that operate on predicate and function structures
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result in many problems. Again, higher-order anti-unification shares this property
with higher-order unification. Higher-order substitution patterns may become too
specific or arbitrarily complex, which can be viewed as overgeneralization. Further-
more, the most specific anti-unifier may not be well defined anymore and loose its
uniqueness. This can lead to infinite chains of more and more general anti-unifiers as
demonstrated by [Has95].

The coverage mechanism of substitutions in higher-order anti-unifications for analo-
gies should therefore be kept to a minimum and be only those that are cognitive ade-
quate to express shared structure in the applied domains.

This can be expressed with the following guidelines for anti-unifiers:

• Anti-unifiers should preserve as much of the structure of both domain terms as
possible. In other words, substitutions should not contain terms that occur in
both anti-unified terms.

• While preserving structure, anti-unifiers should only contain elements that are
present in the original anti-unified terms.

• In general, the complexity of the anti-unifier should not be more complex than
the complexity of the anti-unified terms.

Following these design goals higher-order anti-unification should not fall short of sup-
plying us with a mechanism to capture similarities in dissimilar context.

Different restrictions for higher-order anti-unification have been proposed to ob-
tain a tractable generation of anti-unifiers. These use a variety of different formalisms
to achieve their goal. [Pfe91] uses higher-order patterns in the form of λ-terms to
restrict free variables. Typed λ-calculus is the standard notation for second-order
logic or in general a higher-order logic. Most general unifiers, which are called least
common anti-instances in [Pfe91], are shown to exist and are unique up to equiva-
lence. The application of the algorithm developed there is for proof generalization.
[Has95] uses combinator terms that are further restricted to relevant combinators. It
is claimed that a problem of λ-terms is the missing control of how function-arguments
are used in terms. In contrast, combinator terms that are built as compositions of ba-
sic functions allow for the control of how arguments are passed from one function
to the next. It is shown that a useful notion of generalization can be developed and
an algorithm to compute those is presented. [Wag02] uses the same formalism in the
context of analogical programming.



3 Anti-Unification of Theories

3.1 Restricted Higher-Order Anti-Unification

In this section, a formal framework for higher-order anti-unification is defined. Here,
we only introduce operations on terms. The extended application of this framework,
from terms to atomic formulas can be made without additional complexity. How-
ever, this extension needs additional rules specialized for handling predicate symbols,
which are analogs of the ones specialized on function symbols. Furthermore, formula
anti-unification is not covered here because they can be decomposed into atomic for-
mulas by HDTP and processed as such by anti-unification. For a discussion of how this
framework can be extended to anti-unification of theories see [SKKG08, GKKS08b].

This framework is guided by the requirements for a usable higher-order form of
anti-unification as laid out in section 2.2.3. Most notably as much structure as possible
of the anti-unified terms should be preserved where as the anti-unifier should not be
more complex than these terms. The presented formalism has been referred to as re-
stricted higher-order anti-unification in [KSGK07, SKKG08]. Restricted higher-order
anti-unification is a weak type of higher-order anti-unification and can be reduced to
first-order anti-unification modulo, a suitably restricted equational theory [GKS06,
Hei96]. This sets it apart from other frameworks of higher-order anti-unification,
which are discussed in section 2.2.3.

3.1.1 Higher-Order Terms

In order to define higher-order terms we extend our classical first-order term-algebra
by introducing variables that can take arguments and therefore have an arity. We
retain the convention that variables are denoted by uppercase letters while function
symbols are written as lower case letters.

Definition 15 (Higher-order Terms) Let Σ be a signature. The set of variables V� is the
union of infinite sets of variables Vn for every n > N0. We say that a variable has arity n
if it is an element of the set Vn. Every variable V > V has the form V � σ1�σ2�. . .�σn �

σ where σ1, . . . , σn, σ > SortΣ. The set Term��Σ,V�� relative to V� is defined as the
smallest set such that the following conditions hold:

21
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1. If X � σ > V0 then X � σ > Term��Σ,V��.

2. If f � σ1 � σ2 � . . . � σn � σ > Σ and ti � σi > Term��Σ,V��, then f�t1, . . . , tn� �
σ > Term��Σ,V��.

3. If F � σ1 � σ2 � . . . � σn � σ > V� and ti � σi > Term��Σ,V��, then F �t1, . . . , tn� �

σ > Term��Σ,V��.

We call an element of this constructed set a term of the term algebra Term��Σ,V�� and
a term that contains any variable with arity higher than zero a higher-order term.

The set V0 contains all first-order variables. One can see that definition 15 is an ex-
tended version of definition 2 and therefore the set of terms Term�Σ,V� is a subset of
Term��Σ,V��. Examples for first-order terms that are elements of both term algebras
are X , c, f�a, b�, h�a, g�X��, f�X,X�. In contrast, F �a, b�, F �X, c�, f�G�d�� and
F �X,G�Y �� are higher-order terms and only elements of Term��Σ,V��.

3.1.2 Basic Substitutions

Using the new higher-order term-algebra we can define the notion of substitutions for
restricted higher-order anti-unification. The modifier restricted stems directly from
the fact that we do not allow arbitrary substitutions on higher-order terms, but only a
few restricted types. These types were chosen manually to gain a useful form of anti-
unification according to the outlined requirements in section 2.2.3 and has proven to
be sufficient for the generation of generalizations in analogical reasoning with HDTP
[SKKG08].

Definition 16 (Basic Substitutions) Given the term algebra Term��Σ,V��, we define
the following set of basic substitutions for restricted higher-order anti-unification:

1. A renaming ρF,F � replaces a variable F � σ1 � . . . � σn � σ > Vn by a variable
F � � σ1 � . . . � σn � σ > Vn:

F �t1 � σ1, . . . , tn � σn� � σ
ρF,F

�

ÐÐ� F ��t1 � σ1, . . . , tn � σn� � σ

2. A fixation φFf replaces a variable F � σ1 � . . . � σn � σ > Vn by a function symbol
f � σ1 � . . . � σn � σ > FuncΣ:

F �t1 � σ1, . . . , tn � σn� � σ
φFf
Ð� f�t1 � σ1, . . . , tn � σn� � σ
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3. An argument insertion ιF,F
�

G,i with 0 B i B n, F � σ1 � . . . � σn � σ > Vn, G �

σi�. . .�σi�k�1 � σg > Vk with k B n�i andF � � σ1�. . .�σi�1�σg�σi�k�. . .�σn �
σ > Vn�k�1 is defined as:

F �t1 � σ1, . . . , tn � σn� � σ
ιF,F

�

G,i
ÐÐÐ�

F ��t1 � σ1, . . . , ti�1 � σi�1,G�ti � σi, . . . , ti�k�1 � σi�k�1� � σg, ti�k � σi�k, . . . , tn � σn� � σ

4. A permutation πF,F
�

α with F � σ1�. . .�σn � σ > Vn and F � � σ1�. . .�σn � σ > Vn

together with a bijective function α � �1, . . . , n� � �1, . . . , n� which is not the
identity function, rearranges the arguments of a term:

F �t1 � σ1, . . . , tn � σn� � σ
πF,F

�

α
ÐÐÐ� F ��tα�1� � σα�1�, . . . , tα�n� � σα�n�� � σ

We write the chaining of basic substitutions τ1, τ2, . . . , τn as �τ1, τ2, . . . , τn� which has
the application structure apply�apply�apply�s, τ1�, . . .�, τn� on a term s. The applica-
tion order therefore is from left to right. Every chain of basic substitutions �τ1, τ2, . . . , τn�

is a substitution.

For the ease of explaining the framework we notate terms without their sorts in the
following definitions and examples. For a look at how sorts can be further utilized in
restricted higher-order anti-unification see ahead to section 5.

f�X�

ρXZ

��(((((((

ρXY
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f�a� f�b�

F �a�

φFg

��(((((((

φFf
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F �a, b, c�
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��

G,1

��55555555
ιF,F

�

X,2

����������

F ��a, b,X, c� F ���a,G�b, c��

F �a, b, c�

πF,F
��

β

��00000000

πF,F
�

α

���������

F ��a, c, b� F ���c, b, a�

(a) (b) (c) (d) (e)

Figure 3.1: Examples for all basic substitutions from definition 16.

Examples for every basic substitution within a generalization can be found in figure
3.1 along with the resulting terms. Figure 3.1(a) shows an example of renaming that is
a relatively simple substitution form. The variable X in the anti-unifier is renamed to
Y to gain the term f�Y � and toZ to gain the term f�Z�. One can note that these three
terms are equivalent by definition 8. This results from the property that the variable
renaming of the substitution �ρXY � applied to f�X� is reversible by the substitution
�ρYX�. If the terms created by the application of renaming are in the same equivalence
class, they are also strongly equivalent because renaming only replaces variables by
variables of the same arity. However, renaming does not always lead to a term that is
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equivalent. For example, the substitution �ρXY � applied to f�X,Y � results in f�Y,Y �,
which cannot be transformed back to f�X,Y � by renaming or any composition of
basic substitutions.

Fixation as shown in figure 3.1(b) and (c) is used to substitute a variable by a sym-
bol of the same arity. We can distinguish between two forms of fixation. The first
form shown in (b) is the fixation of a first-order variable X . It is a first-order vari-
able because it is an element of V0 and therefore has arity zero. The example in (c)
shows fixation of a higher-order variable and represents the second case of fixation.
The higher-order variable F involved here is an element of V1 and has arity one. This
substitution is useful for anti-unification when function symbols differ in the anti-
unified terms and leads to a much better preservation of structure than in first-order
anti-unification. In first-order anti-unification, the anti-unifier in the generalization
shown in (c) is a single first-order variable.

Argument Insertion or just insertion is a more challenging substitution because it
can change the argument structure and arity of a term. Insertion can be used to in-
crease and decrease the arity of a term. Inserting a variable of arity zero increases the
arity of the embedding term by one. An example for this is given in figure 3.1(d) on
the right side where X is inserted into F �a, b, c� at position 2 to yield F ��a, b,X, c�.
Note that insertion does only allow for insertion of a variable into an argument slot
of a higher-order variable and not a function symbol. This means inserting the vari-
able X in F �a, b, c� is possible, inserting the variable X at position 2 in f�a, b, c� or
inserting a constant c in F �a, b, c� is not valid. Inserting a term at position 0 means
insertion before all current arguments, e.g. inserting d at position 0 into F �a, b, c�

results in F ��d, a, b, c�. The opposite, inserting at n where n is the number of current
arguments of the term means inserting after all current arguments e.g. inserting d at
position three into F �a, b, c� results in F ��a, b, c, d�.

Inserting a variable I of arity higher than zero basically embeds, the already present
subterms into a new subterm with function name I . An example for this is shown on
the left side of figure 3.1(d). Whereas insertion of a variable with arity one does not
change the arity of the embedding term, the insertion of a variable with arity higher
than one does decrease the arity of the embedding term. For example, insertion of G
with G > V3 at position zero in F �a, b, c� yields F ��G�a, b, c��, and therefore reduces
the arity of the embedding term from three to one. Insertion of a variable with arity
one or higher can therefore be better described as embedding than insertion.

Permutation is used for rearranging arguments of a term and does not change the
arity of the term. However, the higher-order variable belonging to the arguments that
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are permutated is exchanged for a new higher-order variable of the same arity. As
with insertion, this operation can only operate on a higher-order variable. The permu-
tation of arguments from �a, b, c� to �c, b, a� is shown on the right side of figure 3.1(e).
Exchanging no arguments, which equals permutation with the identity function, is
not regarded as a valid basic substitution.

3.1.3 Higher-Order Substitutions

As mentioned in definition 6, we call the composition of one or more of the outlined
four basic substitutions types a substitution and specifically a higher-order substitu-
tion. Through composition of renaming, insertion and fixation of every first-order
substitution can be described with a chain of basic substitutions. Therefore, every
anti-unifier for a set of terms in first-order anti-unification is also a valid anti-unifier
in this higher-order anti-unification framework. In other words, restricted higher-
order anti-unification is a proper extension of first-order anti-unification. An exam-
ple of the higher-order equivalent of the first-order substitution �X~f�a�� can be
seen in figure 3.2. The substitution depicted there is �ιX,X

�

V,0 , φVa , φ
X�

f � with X,V > V0

andX � > V1. We omit explicit mention of variable arity in substitutions within figures
from now on, because they are obvious from the argument-structures of the terms
shown.

X
ιX,X

�

V,0

ÐÐÐ�X ��V �
φVa
Ð�X ��a�

φX
�

f

ÐÐ� f�a�

Figure 3.2: Example for composition of basic substitutions to mimic a first-order sub-
stitution.

Three examples for higher-order substitutions applied to F �a� that cannot be ex-
pressed by first-order substitutions are shown in figure 3.3. The depicted substitutions
are:

(a) �ιF,F
�

X,0 , ι
X,X�

Y,1 , φX
�

g , φ
Y
b �

(b) �ιF,F
�

X,0 , π
F �,F ��

α , ιX,X
�

Y,0 , φX
�

g , φ
F ��

f �

(c) �ιF,F
�

X,1 , ρ
F �

F �� , ι
X,X�

Y,0 , φX
�

g , φ
F ��

f �

Note that figure 3.3(b) and (c) both express F �a� � f�a, g�Y �� but differ in the
first two basic substitutions applied. The basic substitution chains �ιF,F

�

X,0 , π
F �,F ��

α � and
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(a) F �a�
ι
F,F �

X,0
ÐÐÐ� F ��X�a��

ι
X,X�

Y,1
ÐÐÐ� F ��X ��a, Y ��

φX
�

g
ÐÐ� F ��g�a, Y ��

φYb
ÐÐ� F ��g�a, b��

(b) F �a�
ι
F,F �

X,0
ÐÐÐ� F ��X,a�

πF
�,F ��

α
ÐÐÐÐ� F ���a,X�

ι
X,X�

Y,0
ÐÐÐ� F ���a,X ��Y ��

φX
�

g
ÐÐ� F ���a, g�Y ��

φF
��

f
ÐÐ� f�a, g�Y ��

(c) F �a�
ι
F,F �

X,1
ÐÐÐ� F ��a,X�

ρF
�

F ��

ÐÐ� F ���a,X�
ι
X,X�

Y,0
ÐÐÐ� F ���a,X ��Y ��

φX
�

g
ÐÐ� F ���a, g�Y ��

φF
��

f
ÐÐ� f�a, g�Y ��

Figure 3.3: Three substitutions that are depicted by chains of basic substitutions.

�ιF,F
�

X,1 , ρ
F �

F ��� applied to F �a� both result in the term F ���a,X�. This shows that more
than one basic substitution chain can lead to the same instance of a term. The appli-
cation of �ιF,F

�

X,1 �, as shown in (c), already yields the term F ��a,X�, which is strongly
equivalent to F ���a,X�. Therefore, the same equivalence class of terms is reached
here by �ιF,F

�

X,0 , π
F �,F ��

α � in (b) and �ιF,F
�

X,1 � in (c) when applied to F �a�.

3.2 Complexity Measures

3.2.1 Information Load

In the following it is shown that this framework, while a form of higher-order anti-
unification, is still sufficiently restricted to be of practical use and adheres to the stan-
dards outlined at the beginning of this chapter. To prove that anti-instances are not
more complex than the original term we introduce a complexity measure called infor-
mation load.

Definition 17 (Information Load) A term t is assigned the information load I�t�,
which is recursively defined as follows:

1. I�F �t1, . . . , tn�� � n � I�t1� � . . . � I�tn� for a n-ary variable F > Vn and terms
t1, . . . , tn > Term��Σ,V��.

2. I�f�t1, . . . , tn�� � 1�n�I�t1�� . . .�I�tn� for a function symbol f > FuncΣ and
terms t1, . . . , tn > Term��Σ,V��.

Basically, information load is the sum of the number of argument slots and sym-
bols in a term. The information load of a constant is one and the information load of
a variable X > V0 is zero. Information load of the term f�c, g�X�� is six which can be
written as I�f�c, g�X��� � 6.

Lemma 1 Let s and t be terms. If s� t, then I�s� B I�t�.
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Lemma 1 was proven by inductive decomposition in [KSGK07]. This lemma states
that the application of substitutions never reduces the information load of a term. Per-
mutation and renaming produce an instance of a term that has the same information
load than the original term. Corollary 1 is derived by the observation that there is
only a finite set of permutations for arguments of a given arity and that the informa-
tion load of a term is higher than zero.

Corollary 1 For a given term t there are is only a finite number of anti-instances up to
renaming.

One can rephrase this as there is only a finite number of equivalent classes of anti-
instances for a given term. In figure 3.2 it was exemplified that every anti-instance pro-
duced by substitutions of first-order anti-unification can also be produced by higher-
order substitutions. The most general anti-unifier, which is a variable in first-order
anti-unification is therefore still a valid anti-unifier in restricted higher-order anti-
unification and still the most general. From definition 10 we can see that every anti-
unifier for a set of terms must be an anti-instance for each term in that set. With
corollary 1 it follows that there is only a finite number of anti-unifiers (up to renam-
ing) for a set of terms because there exists only a finite number of anti-instances (up to
renaming) for each term. By lemma 1 it furthermore follows that the anti-unifier be-
ing an anti-instance has an information load that is less or equal than the anti-unified
terms. The mentioned findings are documented in proposition 1.

Proposition 1 There is only a finite number of anti-unifiers (up to renaming) for a set
of terms. For every anti-unifier a and every term t of the set of anti-unified terms it
holds I�a� B I�t�.

Anti-unifiers are well defined within restricted higher-order anti-unification, be-
cause anti-unifiers always exist for a pair of terms, are finite up to the renaming of
variables and are always less complex than the anti-unified terms. However, one draw-
back is that most specific anti-unifiers are not unique in comparison to first-order
anti-unification. As a result, least general generalizations are also not unique any-
more in the context of restricted higher-order anti-unification. An example of a pair
of terms with more than one most specific anti-unifier is shown in figure 3.4. Here
f�X,Y �, F �d,G�a�� and F ��G�a�, d� are most specific anti-unifiers for the pair of
terms f�g�a, b, c�, d� and f�d, h�a��. All three generalizations shown are therefore
least general generalizations. Note that, F �d,G�a�� and F ��G�a�, d� can be obtained
by permutation from each other and are therefore, by definition 8, in the same equiv-
alence class of terms. In contrast, f�X,Y � is in a different equivalence class than
F �d,G�a�� and F ��G�a�, d�. Thus, we have not only multiple most specific anti-
unifiers but also two separate equivalence classes of most specific anti-unifiers as
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f�X,Y �

��3333333

���������

f�g�a, b, c�, d� f�d, h�a��

F �d,G�a��

��8888888

����������

f�g�a, b, c�, d� f�d, h�a��

F ��G�a�, d�

��9999999

����������

f�g�a, b, c�, d� f�d, h�a��

Figure 3.4: Example with multiple least general generalizations

shown in figure 3.4.

While we extended the notion of terms and substitutions from first to a higher-
order version the definition of generalization does not differ from definition 13 in
section 2.2.2. A generalization by our definition consists of an anti-unifier and a pair
of substitutions which, when applied to the anti-unifier, yield the anti-unified terms.
From proposition 1 we conclude that there exist only a finite number of classes of gen-
eralizations that have a differing anti-unifier (up to renaming) for a given pair of anti-
unified terms. However, there are an infinite number of generalizations in each class.
This results from the property that there are an infinite number of different chains of
basic substitutions from the anti-unifier to each of the anti-unified terms. Valid chains
of basic substitutions that already lead from the anti-unifier to the anti-unified terms
can be further extended by renaming and permutation without changing the result of
their application. These chains contain unnecessary basic substitutions but are still
valid because there is no restriction on length of those chains.

There are multiple classes of least general generalizations that differ in the equiva-
lence class of anti-unifiers used, because there exist multiple most specific anti-unifiers
that are not in the same equivalence class. Figure 3.4 depicts three different classes of
least general generalizations. Note that the substitutions are not explicitly stated be-
cause there exists an infinite number of valid basic substitution chains with which the
arrows could be annotated in each of the classes.

3.2.2 Complexity of Substitutions

Multiple classes of least general generalizations are not necessary disadvantageous.
In analogy making several different mappings with different degrees of plausibility
may coexist. Thus, we need a complexity measure for ranking generalizations and
therefore have a criterion to rank for alternative least general generalizations. This
ranking may be based on the already defined information load. Information load of
an anti-unifier, which is part of a generalization, does not take into consideration the
complexity of the substitutions involved. However, substitutions need to be consid-
ered in the complexity measure because we want to promote their reuse and want to
anti-unify full sets of terms.
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Definition 18 (Complexity of Substitutions) The complexity of a basic substitution τ
is defined as:

C�τ� �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

0 if τ � ρ (renaming)
1 if τ � φf (fixation)
k � 1 if τ � ιV,i and V > Vk (argument insertion)
1 if τ � πα (permutation)

For a composition of basic substitutions we define C��τ1,�, τm�� � P
m
i�1 C�τi�.

The complexity of a substitution is meant to reflect its computational processing
effort. Therefore permutations have a non-zero complexity even though they do not
change the information load of a term. Argument insertion restructures the term, and
the higher the arity of the inserted variable, the more arguments are moved and there-
fore more complexity is assigned to the argument insertion operation. We choose to
linearly scale the complexity of insertion according to the arity of the inserted higher-
order variable. The renaming substitution does not change the equivalence class and
structure of a term and therefore has a complexity measure of zero. A substitution
that is composed of basic higher-order substitutions has the complexity of the sum of
those basic substitutions. The complexity values for basic substitutions have proven
to generate plausible analogies when used by HDTP. The analysis of different complex-
ity values is subject of future work. The complexity of a generalization can be defined
in a straightforward manner by basing it on the complexity of its substitutions.

Definition 19 (Complexity of Generalizations) Let `g, τ, νe be a generalization for a
pair of terms `s, te. Define the complexity of the generalization by C�`g, τ, νe� � C�τ��

C�ν�.

Figure 3.5 shows three possibilities for substitutions that transform f�X,Y � into
f�d, h�a��. They all have a complexity of 4, which is the minimum achievable for
f�X,Y � � f�d, h�a��. Therefore they are equal candidates to be substitutions used
in the right side of the generalization template in figure 3.4(a). We say template here
because the substitutions used must to be explicitly stated for it to be a fully specified
generalization.

A substitution yielding f�g�a, b, c�� when applied to f�X,Y �, has a minimum
complexity of 8. Such a substitution must be at least composed of the five fixations for
g, a, b, c and d. Furthermore, three insertions are needed to produce the
argument structure for g. Summing the complexities for fixations and insertions
we gain a complexity of 8 for the complete chain of basic substitutions needed.
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(a) f�X,Y �
φXd
ÐÐ� f�d, Y �

ι
Y,Y �

Z,0
ÐÐÐ� f�d, Y ��Z��

φY
�

h
ÐÐ� f�d, h�Z��

φZa
Ð� f�d, h�a��

(b) f�X,Y �
ι
Y,Y �

Z,0
ÐÐÐ� f�X,Y ��Z��

φZa
Ð� f�X,Y ��a��

φXd
ÐÐ� f�d, Y ��Z��

φY
�

h
ÐÐ� f�d, h�a��

(c) f�X,Y �
ι
Y,Y �

Z,0
ÐÐÐ� f�X,Y ��Z��

φY
�

h
ÐÐ� f�X,h�Z��

ρZ
Z�

ÐÐ� f�X,h�Z���
φXd
ÐÐ� f�d, h�Z���

φZ
�

a
ÐÐ� f�d, h�a��

Figure 3.5: Examples for f�X,Y �� f�d, h�a��.

An example for a substitution with complexity 8 for f�X,Y � � f�g�a, b, c�, d� is
�ιX,X

�

Z,0 , ιX
�,X��

U,1 , ιX
��,X���

V,2 , ρX
���

g , ρZa , ρ
U
b , ρ

V
c , ρ

Y
d � which is depicted in figure 3.6. Therefore,

we have a minimal complexity of 12 for a generalization conforming to figure 3.4(a),
consisting of a minimal complexity of 8 for f�X,Y � � f�g�a, b, c�, d� and of a mini-
mal complexity of 4 for f�X,Y �� f�d, h�a��.

f�X,Y �
ι
X,X�

Z,0
ÐÐÐ� f�X ��Z�, Y �

ι
X�,X��

U,1
ÐÐÐÐ� f�X ���Z,U�, Y �

ι
X��,X���

V,2
ÐÐÐÐÐ� f�X ����Z,U,V �, Y �

ρX
���

g
ÐÐÐ� f�g�Z,U,V �, Y �

ρZa
Ð� f�g�a,U,V �, Y �

ρUb
Ð� f�g�a, b, V �, Y �

ρVc
Ð� f�g�a, b, c�, Y �

ρYd
Ð� f�g�a, b, c�, d�

Figure 3.6: Example basic substitution chain for f�X,Y �� f�g�a, b, c�, d�.

However, the minimal complexity is 9 for generalizations where the terms
f�g�a, b, c�, d� and f�d, h�a�� are anti-unified. The composition of the anti-unifier
F �d,G�a�� as seen in figure 3.4(b), together with a substitution of complexity 7 for
F �d,G�a�� � f�g�a, b, c�, d�, and a substitution of complexity 2 for F �d,G�a�� �

f�d, h�a��, is an example of this. The anti-unifier F ��G�a�, d� in figure 3.4(c), with
corresponding substitutions, can also be made into a generalization that has the min-
imal complexity of 9.

3.2.3 Preferred Generalizations

Before we define generalizations, we have to observe that there is only a slight differ-
ence in form of a renaming between the substitutions in figure 3.5(b) and (c). This re-
naming neither alters the structure nor does it help to produce the instance f�d, h�a��
in any fewer basic substitutions. In-fact, it only delays it. However, this is not reflected
in the substitution complexity measure because renaming has a complexity of zero.

The only situation in which renaming is needed to produce an anti-unifier is when
the variables of the two anti-unified terms have variables in the same argument posi-
tions and are unifiable. Therefore, we can take an altered view on which substitutions
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we prefer in generalizations. For two terms s and t we search for substitutions τ and
ν with s�

τ
Ð� s and t�

ν
Ð� t such that for s� and t� there exists an anti-unifier a with

a
Θ1
Ð� s� or a

Θ2
Ð� t� where Θ1 and Θ2 are chains composed of only basic renaming sub-

stitutions. For example if the terms are F �a� and G�c� we can find F �X�
φXa
Ð� F �a�

and G�Y �
φYc
Ð� G�c� where F �X� and G�Y � are strongly equivalent terms. However,

the found anti-instances need not be always strongly equivalent as in this case. To
anti-unify F �X� and G�Y � we only need two basic renaming substitutions. One pos-
sibility is �ρFG� and �ρXY �. Because of this, our chain of basic substitutions should only
have all basic renaming substitutions before all other basic substitutions. A chain as
in figure 3.5(c) is therefore discouraged for use in generalizations because �ρZZ�� is pre-
ceded by basic substitutions that are not of the type renaming.

Not only should basic renaming substitutions be first, but also restricted to the min-
imum amount needed. For our example of renaming F �X� to G�Y � we could also
use the substitution �ρFH , ρ

H
G , ρ

X
Y � which is unnecessary long, because �ρFH , ρ

H
G � can

be shortened to just �ρFG�. To gain a minimal amount of substitutions, we require
that renaming in a substitution only renames a variable that is not further renamed.
Note that this does not rule out the possibility of an anti-unifier that is completely
free of variables occurring in the anti-unified terms. The anti-unifier H�Z� for F �a�

and G�c� together with the basic substitution chains H�Z�
ρHF
Ð� F �Z�

φZa
Ð� F �a� and

H�Z�
ρHG
Ð� G�Z�

φZc
Ð� G�c� do adhere to the minimality of renaming, as it is defined

on the individual substitutions used. The construction of anti-unifiers that do not con-
tain variables from the original terms is necessary to build terms in which variables
have no other direct relation than renaming to other variables. Such variables, which
are not associated with the anti-unified pair of terms, except in renaming, are used
in the terms of the generalized theory constructed in HDTP and are produced by the
algorithm for preferred generalizations in 4.1.

Given the restrictions on the use of renaming we can now define the notion of pre-
ferred generalizations:

Definition 20 (Preferred Generalization) A preferred generalization `g, τ, νe is a least
general generalization for the pair of terms s and t such that there is no other least
general generalization that has less complexity and τ and ν contain only the minimal
amount of basic renaming substitutions required at their beginning.

In contrast to least general generalizations there are only a finite number of pre-
ferred generalizations (up to renaming of the anti-unifier and the basic substitution
chains) for a pair of terms.
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3.3 Reuse of Substitutions

Anti-unification within HDTP is used to produce a set of anti-unifiers for a set of terms
of source and target domains by building generalizations. Subterms within the source
and target domains can appear more than once. The constants sun and planet, for ex-
ample are used within the termsmass�sun� Amass�planet� and dist�planet, sun,T �
on the source side within the Rutherford analogy formalized in figure 2.1.
Furthermore, in the target domain the terms mass�nucleus� A mass�electron� and
dist�electron,nucleus, T � have the same subterms electron and nucleus. A gener-
alization for mass�sun� A mass�planet� and mass�nucleus� A mass�electron� is
shown in figure 3.7(a). In (b) the depicted generalization is between
dist�planet, sun,T � and dist�electron,nucleus, T �.

mass�X� Amass�Y �

�φXnucleus, φ
Y
electron�

%%KKKKKKKKKKKKKKK

�φXsun, φ
Y
planet�

{{vvvvvvvvvvvvvv

mass�sun� Amass�planet� mass�nucleus� Amass�electron�

(a)

dist�X,Y,T �

�φXnucleus, φ
Y
electron�

""FFFFFFFFFFFFF

�φXsun, φ
Y
planet�

~~~~~~~~~~~~~~

dist�sun, planet, T � dist�nucleus, electron,T �

(b)

Figure 3.7: Examples for generalizations in the Rutherford analogy.

Both generalizations use two fixations for each substitution and therefore have a
complexity of 4. Both generalizations combined have a complexity of 8. However, the
fixations used in these two generalizations are the same. It is cognitively plausible if
already used substitutions and constructed mappings do not add complexity on reuse.
Because HDTP builds generalizations sequentially one by one, the desired process
should be that when the generalization in (a) is already made and a new generaliza-
tion as in (b) is constructed, the complexity assigned to (b) should be 0.

In order to define the desired mechanism of reuse for substitutions, we first exam-
ine a few problems that arise from a simple definition of reuse. We could simply define
reuse as follows: the complexity of an already used basic substitution during the map-
ping process of HDTP is zero. This yields a form of reuse that is not desired. The root
of the problem is that the variable F in the basic substitutions φFf , ιF,F

�

I and φF,F
�

α is
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not in any direct relation to the other parameters such as F �, I or α. Therefore, these
basic substitutions can be used as if they did an additional basic renaming substitu-
tion. This is a problem because renaming should only be at the beginning of a basic
substitution chain, as discussed in section 3.2.3.

(a) F
ι
F,F �

X,0
ÐÐÐ� F ��X�

ι
F �,F ��

Y,1
ÐÐÐÐ� F ���X,Y �

ι
F ��,F ���

Z,2
ÐÐÐÐ� F ����X,Y,Z�

(b) G
ι
G,G�

X,0
ÐÐÐ� G��X�

ι
G�,G��

Y,1
ÐÐÐÐ� G���X,Y �

ι
G��,G���

Z,2
ÐÐÐÐ� G����X,Y,Z�

(c) G
ρGF
Ð� F

ι
F,F �

X,0
ÐÐÐ� F ��X�

ι
F �,F ��

Y,1
ÐÐÐÐ� F ���X,Y �

ι
F ��,G���

Z,2
ÐÐÐÐ� G����X,Y,Z�

Figure 3.8: Example for use of insertion as renaming.

In figure 3.8 we see three substitutions that illustrate how insertion can be used as a
replacement for a basic renaming substitution. Let us assume that the basic substitu-
tions made in (a) do not add more complexity on the next reuse. Now we want to find a
substitution with minimal complexity for G � G����X,Y,Z�. One possibility is given
in (b) and the basic substitution chain shown there has a complexity of 3, because no
basic substitution from (a) is used again. The substitution �ρGF , ι

F,F �

X,0 , ι
F �,F ��

Y,1 , ιF
��,G���

Z,2 �,

which corresponds to (c), reuses the basic substitutions ιF,F
�

X,0 and ιF
�,F ��

Y,1 and therefore
only has complexity 1. This is certainly not the intended case of reuse as F and G

share no connection here, but rather are just variables. This problem is not restricted
to insertion because permutations and fixations can be used to the same effect. The
basic renaming substitution is already restricted to the minimal amount of applica-
tions needed and can only be used in the beginning of a basic substitution chain. We
therefore require no further restriction on its use.

We observe that F �� and F ��� have an explicit relation once ιF
��,F ���

Z,2 is used to connect

them. The basic substitution ιF
��,F ���

Z,2 states that a term with variable F �� as function
symbol is obtained if we insert the variable Z at position 2 into a term with variable
F ��� as function symbol. It is only plausible that no other variable than F �� has this
connection with F ��� using the parameters Z and 2 for the insertion. The basic sub-
stitution ιF

��,G���

Z,2 from figure 3.8(c) therefore violates this restriction. We can require
the same for the connections established between variables and constants by fixation.
If we used φFf then F should not be renamed into any other symbol than f . If there

exists a permutation πF,F
�

α , then there should not be a permutation πF,F
��

α , because F �

and F �� differ while using the same permutation function α.
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We can therefore leave out the parameter F � in ιF,F
�

V,P and πF,F
�

α , as well as the func-
tion symbol f in φFf , because they can be inferred from the other parameters. To
achieve the mentioned restrictions, we introduce the function S , which takes these
basic substitutions with the inferable parameter missing and maps them to a variable
in case of inserting and permutation and to a function symbol in case of fixation. Be-
cause ιF

��,F ���

Z,2 is valid in figure 3.8(a), S�ιF
��

Z,2� � F
��� holds. This prevents the usage of

ιF
��,G���

Z,2 in (c) because S�ιF
��

Z,2� � G
��� cannot be true at the same time as S�ιF

��

Z,2� � F
��� is

and therefore (c) is not a valid substitution chain anymore.

If we extend the definition of basic substitutions to incorporate this function to
restrict the possible basic substitutions further, we can define reuse of substitutions
as originally intended:

Definition 21 (Complexity of reused Substitutions) Let g1, g2, . . ., gn be generaliza-
tions constructed after each other in this order. Any basic substitution τ that is used
in gj with the same parameters as used in gi has a complexity of 0 if 1 B i @ j B n.

With this defining the combined complexity of the generalizations in figure 3.7 be-
comes 4. The complexity is 8 when reuse of substitutions is not allowed.



4 Computation of Preferred
Generalizations

4.1 Algorithm

In this section we present the development of a bottom up algorithm to compute pre-
ferred generalizations in the context of restricted higher-order anti-unification, with
complexity free reuse. It is called bottom up because the anti-unified terms are used as
a starting point for constructing a suitable anti-unifier. By definition, preferred gener-
alizations are a subset of generalizations. Therefore, we start with a general algorithm
that produces all generalizations and refine it to only generate preferred generaliza-
tions. In section 4.2 we outline some further changes to the algorithm to reduce its
runtime. Finally, in section 4.3 some details about a reference implementation in Pro-
log are outlined.

Shown in figure 4.1 is pseudo code for an algorithm that generates all generaliza-
tions together and computes their complexity. For each of the two input terms the
algorithm generates chains of basic substitutions. Each chain starts from an anti-
instance of the corresponding input term. An application of a chain to the associated
anti-instance results in the corresponding input term. While generating chains it is
checked whether a chain was generated from an anti-instance that is also the starting
point of a chain from the other input term. Therefore, it is checked whether or not
the found anti-instance is an anti-unifier for the two input terms. The anti-unifier, to-
gether with the found chains corresponding to opposite input terms, is thereby a valid
generalization.

Note that this algorithm as such is not usable since it never terminates. This is
grounded in the fact that while there is only a finite number of anti-instances and anti-
unifier up to renaming (corollary 1 & proposition 1), there can be an infinite num-
ber of anti-instances for a given term. For example f�X� has an infinite number of
anti-instances f�X ��, f�X ���, . . . due to renaming. Another source of the problem of
infinite basic-substitution chains is permutation. Permutations of terms like F �X,Y �

produce anti-instances that are equivalent up to renaming within the statement in line

35



Algorithm 36

26. These created equivalent terms can be permutated and renamed further into equiv-
alent terms again. This chain never breaks up and by adding the newly created terms
to the open list in line 27 the open list never becomes empty.

The swap in line 23 is needed to generate generalizations that first state the basic
substitution chain for the left term and then for the right term, as compared to having
them in the reverse order in cases where an anti-instance of a right term is matched
against the closed list in line 21. The complexity reduction for reuse is assumed to be
handled directly within the function C in line 26.

01 function anti_unify(left_term, right_term) returns generalizations
02 // anti_instance is a quadruple `c, s, g, ie where
03 // c is the sum of complexities of the substitutions in s
04 // s is a basic substitution chain
05 // g is the generalized term to which s can be applied
06 // i is the index > �“left”, “right”� with
07 // op�“left”� � “right” and op�“right”� � “left”
08 // generalization is a quadruple `c, g, s_left, s_righte where
09 // c is the sum of complexities of the substitutions from s_left and s_right
10 // s_left and s_right are basic substitution chains
11 // g is the generalized term to which s_left and s_right can be applied
12 variables:
13 Open: list of anti_instance sorted by complexity
14 Closed: list of anti_instance
15 Generalizations: list of generalization sorted by complexity
16 initialize:
17 Open � �`0, ��, left_term, “left”e, `0, ��, right_term, “right”e�
18 Closed � ��
19 while Open x �� do
20 `c, s, g, ie � first�Open�; Open � rest�Open�
21 for each `c_match, s_match, g, op�i�e > Closed
22 c_sum � c � c_match
23 if i �� “right” do swap�s, s_match�
24 Generalizations � merge�Generalizations, `c_sum, g, s, s_matche�
25 end for each

26 Ai � �`c�, s�, g�, ie S §τ > basic_subst � g�
�τ�
Ð� g, c� � c � C�τ�, s� � �τ� � s�

27 Open � merge�Open,Ai�
28 Closed � Closed 8 �`c, s, g, ie�
29 end while
30 return Generalizations
31 end function

Figure 4.1: Algorithm for computing generalizations.
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We can use the pseudo code for generating generalizations and rewrite it to only
generate preferred generalizations. We use the scheme outlined in section 3.2.3 and
first generate basic substitution chains without renaming, then add renaming to the
beginning of those chains to get a matching anti-unifier from the generated two basic
substitution chains for the generalization. We have to make two changes to convert
the algorithm. First, we have to restrict the basic substitutions that are used to gen-
erate new terms in line 26 to only use permutation, fixation and insertion. Because
the complexity for these basic substitutions is higher than zero, the complexity of the
newly generated terms becomes higher than the instance, from which they are gener-
ated from.

Next, the removed renaming substitutions with complexity zero have to be reinte-
grated elsewhere into the basic substitution chains. We exchange the condition in line
21 which matches a quadruple with the same generalization term and opposite index
to a new condition. The new condition states that for the generalized term with the op-
posite index and for the generalized term that was in the first quadruple of the open list
there has to exist an anti-unifier by which these two terms can be derived using only
renaming. These additional renaming substitutions are generated and then added at
the beginning of the corresponding already built up basic substitution chains.

Still, because of the basic permutation substitution the algorithm does not termi-
nate with these modifications. To make the algorithm terminate we can use preferred
generalizations that have a minimal combined complexity of the basic substitution
chains involved. If we find a preferred generalizations with costC , we can stop search-
ing for new preferred generalization once we know that the ordered open list has as
first element a quadruple with complexity higher thanC . Basic substitutions only add
complexity and therefore there cannot be a basic substitution chain that has negative
complexity. If we know that a substitution chain already has a complexity higher than
C , adding the complexity of another basic substitution chain (see line 22) does not
make the complexity of the generated generalization equal or less than C . We there-
fore change the while condition in line 19 to reflect this additional termination condi-
tion. The created algorithm is a terminating, complete, optimal and sound search for
preferred generalizations.

4.2 Optimizations

The algorithm for preferred generalizations from figure 4.2 gives a platform for fur-
ther improvements. The graph in figure 4.3 shows us all of the different basic sub-
stitution paths that lead to G�X,a� from its equivalence classes of anti-instances. In
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01 function anti_unify(left_term, right_term) returns generalizations
02 initialize:
03 Open � �`0, ��, left_term, “left”e, `0, ��, right_term, “right”e�
04 Closed � ��
05 while Open x �� and C�first�Open�� �@ C�first�Generalizations�� do
06 `c, s, g, ie � first�Open�; Open � rest�Open�

07 for each `c_m,s_m,g_m,op�i�e > Closed with �g
�ρ,...�
�ÐÐ a

�ρ,...�
ÐÐ� g_m�

08 Au, r, rm � anti-unifier_by_renaming�g, g_m�
09 c_sum � c � c_m; s � r � s; s_m � r_m � s_m
10 if i �� “right” do swap�s, s_m�
11 Generalizations � merge�Generalizations, `c_sum,Au, s, s_me�
12 end for each

13 Ai � �`c�, s�, g�, ie S §τ > �π, ι, φ� � g�
�τ�
Ð� g, c� � c � C�τ�, s� � �τ� � s�

14 Open � merge�Open,Ai�
15 Closed � Closed 8 �`c, s, g, ie�
16 end while
17 return least_complex�Generalizations�
18 end function

Figure 4.2: Algorithm for computing all preferred generalizations up to renaming.

section 3.2.2 it was outlined that there can be multiple substitution chains that lead
from a term to an instance of that term. Note that for the least specific anti-unifier,
which is the class of single variables depicted here by the term G, there are many dif-
ferent ways though the graph to reach G�X,a�. Our bottom up algorithm traverses
the graph in the opposite direction starting from G�X,a�, and thus finding all the
chains leading to G. In the set of paths there are a finite set of paths with minimal
combined complexity of the basic substitutions used. One can observe that these are
usually permutations of each other as seen in the paths from G�X� to G�X,a� via
G�a� and G�X,Y �. One can either first make an insertion of a variable Y as second
argument and then fixate the second argument to a, or first make the fixation to a and
then insert a variable as argument before a. Both have the same complexity because
complexity is defined by the basic substitutions that are used and not by the order in
which basic substitutions are applied.

The algorithm thereby does find many paths that have the same complexity and
lead to an equivalent anti-instance. It is unnecessary overhead traversing a instantia-
tion ordering graph that has loops of permutations that are guaranteed not to be in a
basic substitution chain within a preferred generalization. Furthermore, finding one
canonical representation of a basic substitution chain is good enough, as all other vari-
ations with the same complexity can be generated from it.
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Figure 4.3: Instantiation ordering of anti-instance equivalence classes.

It is therefore proposed that we follow a standard order in which basic substitu-
tions can be made. It already has been established in section 3.2.3 that renaming
substitutions have to be made first. The order that has to be followed for the rest
of the basic substitution chain is permutation, insertion, fixation. Whereas a proof
that there always exist a minimal path in this order is subject to future work, there
are rationale as to why no other order can achieve this. First, fixations cannot be
made before insertions or permutations, because this would prevent fixations of vari-
ables that are a function symbol of a permutated term. Fixation is needed when anti-
unifying f�a, b� with g�b, a� to gain the anti-unifier F �a, b� or F ��b, a�. These two
anti-unifiers need basic substitutions with total complexity of 3 to be generated. Per-
mutation should be before insertion, as insertion can introduce subterms that are
functions with arity higher than one. If permutation occurred after insertion and two
of these new subterms needed to be permutated, it would be necessary to have two
permutations with a combined complexity of 2. The same result can be achieved by
one permutation, followed by insertion of the new variables at the right places. For
example, F �G�a, b�,H�a, b�� can be obtained from F ��b, a, b, a� with a permutation
to F ���a, b, a, b� and then two insertions. If permutation was after insertion, two in-
sertions would be required from F ��b, a, b, a� to F �G��b, a�,H ��b, a�� and then two
permutations to F �G�a, b�,H�a, b��.

There still exists the possibility for permutations of basic substitutions within a
chain of the same type of basic substitutions. This can be seen in figure 4.3 between
the equivalence classes of terms G�X� and G�X,Y �. To get to the equivalence class
G�X,Y � one can either insert a variable Y at position 0 into G�X� to gain G�Y,X�

or at position 1 to gain G�X,Y �.
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For fixation of F �A,B� to F �a, b� we can choose to first fixate the variable A to a
and then the variableB to b or the other way around. A similar process holds for inser-
tion. To generate F �A,B� fromG we can first insert the variableA intoG and thenB
into the thereby generated term at position 1. The other possibility is to first insert the
variable B into G and then A at position 1. With permutation we have the problem
that two permutations after each other can produce the same argument structure as
does one permutation alone. This can even lead to a combined permutation that is
identical to the original argument structure of the twice permutated term.

To counter these cases, we only allow a specific order within a chain of basic substi-
tutions of the same type. We propose to allow only fixations from left to right within
a term. In the case where F �A,B� is instantiated to F �A, b�, further fixation of either
F or A is not possible, because they are left of b. However, when having fixated A it is
still possible to fixate B in the next application of a basic substitution. Regarding the
position of the to-be-inserted variable in the case of insertion where the left-to-right
principle holds too, there is the slight modification that more than one variable can
be inserted at the same position. Inserting A at position 0 into H in F �G,H� leads
to F �G,H ��A��. Continuation by inserting a variable B at position 0 or 1 into F or
at position 0 into G is not allowed. In contrast, inserting into F at position 2 or into
H � at position 0 or 1 is allowed. Finally, permutations also should be applied from left
to right. Permutation of the same position twice in a term is not allowed. This is to
prevent loops that are not part of basic substitution chains within preferred general-
izations.

P(a,X)G(X,a)

I''(X) F(X,A)I(a)

I'''

ι

π

ι

ι

ϕ

I'(A)

ι

P'(A,X)π

Figure 4.4: Improved instantiation ordering of anti-instances.

Using this new more restricted ordering of basic substitutions we gain a new instan-
tiation ordering that is depicted in the graph in figure 4.4. Note that different nodes in
the graph may represent terms that are strongly equivalent but differ in variables and
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constants and their applicable substitutions. One can see that there is one and only
one path from an anti-instance to G�X,a�. Furthermore, one can see that this struc-
ture is not an arbitrary graph but a weighted tree structure from the viewpoint of the
algorithm. This in turn makes traversing the tree structure from figure 4.4, starting
from G�X,a� in the opposite direction, by our algorithm much more efficient than
in the cyclic graph from figure 4.3, which does not use the new ordering restrictions.
However, overall runtime complexity to search for anti-instances of a term is still sim-
ilar to that of uniform-cost search, which is a variant of breath-first search. Only the
branching factor was considerably reduced. The worst case amount of branches is at
the nodes representing terms that can be permutated. Those terms have n! � 1 anti-
instances for each subterm with n arguments that can be permutated. Additionally
those terms have anti-instances by insertion and fixation. In figure 4.4 such a term is
F �X,A�. The depth limit here for the reverse search in each of the instantiation or-
dering graphs of the two input terms is the complexity of the preferred generalization
for the two input terms.

In analogy making we differentiate between one-to-one and many-to-many map-
pings of constants. One-to-one means that one constant is mapped to maximally one
constant in the other domain, whereas many-to-many allows for multiple mappings of
one constant to constants within the other domain. Our current algorithm however al-
lows only for many-to-many mappings and cannot enforce one-to-one mappings. Let
us have a look at the anti-instance f�A,B,B,A� of f�a, b, b, a� and the anti-instance
f�C,C,D,D� of f�c, c, d, d�. The term f�V,X,Y,Z� is an anti-unifier from which
these two terms can be derived only by renaming. Here, C and D are renamed into
A, which is then fixated to a. However, C and D are fixated into c and d. There-
fore, a stands in relation to c and d, which is not possible in a one-to-one mapping,
and may not be desired [VO89]. We can easily modify the algorithm to create only
one-to-one mappings by changing the condition in line 7 of the pseudo code. The con-
dition that an anti-unifier for the compared terms exists through renaming has to be
changed to the condition of strong equivalence between the compared terms. Because
strong equivalence means a symmetrical relation between variables by renaming it
only allows for one-to-one mappings. There exists no renaming from f�A,B,B,A�

to f�C,C,D,D� becauseA cannot be renamed into C at position 0 andD at position
3 within f�A,B,B,A�. This comes from the convention that all variables on which a
substitution acts on must be replaced simultaneously.

4.3 Implementation

The outlined restricted higher-order anti-unification was implemented as part of this
bachelor thesis. A lightweight implementation of the mapping phase of HDTP was
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added to test the complexity reduction in the reuse case when anti-unifying sets of
terms. The program is supplied under the terms of the GNU General Public License
[GPL] version 2 and can be download from the webpage [CODE] of the analogy re-
search group, which is part of the Institute of Cognitive Science at the University of
Osnabrück. How to use the program is described in the README file supplied with
the source code. Notable features are:

• option to do one-to-one or many-to-many mappings

• configuration of allowed basic substitutions

• background-knowledge integration in the form of
cost declaration of basic substitutions

• tracer to view the path from an anti-instance
in the instantiation ordering graph

• complexity reduction when reusing basic substitutions

• loading of files with formalizations of analogies

• support to directly specify higher-order terms
with uppercase letters as variable names

• sorts of terms are used to determine valid anti-unifiers

Two types of background-knowledge can be used. One can either specify the cost
of a specific basic substitution to be free or specify that the function symbol of a term
is not to be altered when insertion or permutation is applied. This suffices to encode
that the term distance�X,Y � can be changed into distance�Y,X� without any cost.
An example of the use for this is within the Rutherford analogy, for which a file with
a formalization is supplied as part of the program. For two terms to be the same,
the current implementation requires that the sort of each subterm needs to match its
counterpart subterm.

The implementation was done in SWI-Prolog [SWI] a feature rich dialect of Prolog
which is available as open source and free of costs. The choice of Prolog was done for
a number of reasons:

• A parser for first order structures is already implemented. It’s therefore easy to
read strings of the form ’G(a,X)’ and convert them into a term G�a,X�.

• It incorporates the mechanism of unification of terms, which makes operations
on terms like subterm extraction easy, and can be used as a precondition to
check for term equivalence.
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• Prolog implements backtracking and recursion very well, which is helpful for
traversing graphs.

• Many implementations of theorem provers are available in Prolog and can there-
fore be integrated without much effort. These are especially needed for a con-
sistency check of domain axioms within a to-be-added transfer phase for a full
implementation of HDTP.

• Deep copies of terms are easy to make.

The program makes use of modules, where possible, to separate name spaces of
predicates with different functionalities from each other. This makes rewriting parts
of the implementation easier and generates abstractions in the form of interfaces be-
tween the modules. Attributed variables are often used within data structures of the
program. These allow Prolog variables to have attributes much like instance variables
of objects in object orientated languages. One attribute of a variable within a term
for example, stores substitutions that are already applied to this variable. This infor-
mation is then used to determine if a basic substitution can be applied cost free. At-
tributed variables ensure that information about a variable can be directly looked up
as the variable is encountered. Data about terms are not kept in the program database
and are always passed around in arguments which makes garbage collection and han-
dling multiple terms at the same time easier. For more details about the implemen-
tation, for example which data-structures are used see the documentation and com-
ments within the source code.



5 Conclusions and Future Work

We presented a restricted form of higher-order anti-unification that is suitable for anti-
unification of sets of formulas. We showed that the definition of most specific anti-
unifiers within this framework yields anti-unifiers that fulfill the guidelines to obtain
a suitable higher-order anti-unification for use in analogy making. These guidelines
were defined to include that anti-unifiers should preserve as much structure as possi-
ble. Furthermore, anti-unifiers should not be more complex and not contain symbols
that are not part of the anti-unified terms. Using a metric called information load,
it was shown that with restricted higher-order anti-unification only a finite number
of anti-instances (up to renaming) of a term exist. A measure for the complexity of
substitutions was presented, and with additional restrictions, a usable notion of pre-
ferred generalizations could be defined. The restrictions for complexity free reuse of
substitutions were outlined. This enabled restricted higher-order anti-unification to
anti-unify sets of formulas, which is useful in context of anti-unification of theories.
An algorithm to find preferred generalizations for a pair of terms was developed. We
discovered that by finding only a canonical representation of substitution chains, this
algorithm can be optimized to yield results faster without compromising the optimal-
ity of the found solutions. Additionally, the algorithm was put to a practical test by
a full implementation in Prolog. This implementation was made publicly available
as an open source project to ease further external research of restricted higher-order
anti-unification.

Whereas this thesis presents a thorough explanation of restricted higher-order anti-
unification, it also uncovered not-yet-solved problems, leaving research to be done.

• The complexity measure for substitutions has yielded good and consistent gen-
eralizations in practice tests with the implemented algorithm. However, alter-
native definitions of complexity and their impact on preferred generalizations
should be subject of further research.

• Complexity and reuse of substitutions is, at the moment, defined globally with-
out taking into account the context of the terms on which the substitutions op-
erate. This could be refined to gain a more detailed computation of complexity
and reuse that takes into account what other symbols were used in the formula
operated on and how often substitutions have been made to determine their
complexity cost.

44
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• It was shown that if a restricted ordering for substitution chains, having min-
imal complexity exists, it must be fixation, insertion, permutation and last re-
naming. However, it is not known yet whether for every preferred generalization
another preferred generalization exists that incorporates the same anti-unifier
and only uses such ordered basic substitution chains. While there is no evidence
to the contrary, it should be formally proven that it is indeed always the case.

• The complexity of the presented optimized algorithm can be further reduced by
investigating better cutoff heuristics for the search in the instantiation ordering
graph. The current depth limit to traverse the instantiation ordering graph is
considered to be suboptimal and is a main contributer to unnecessary runtime
complexity. Also, an indepth analysis about the runtime and space complexity
of the algorithm should be made.
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